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Dynamic Programming ( DP )
General Approach to many problems :
Solve a big problem by breaking it into
smaller sub problems , solve sub problems
in order from "small " to

"

large
"

Isa't this recursion ?

f- cue Fibcn ) Fiba - O,fibClH
if net return n for i=2 to n

else Fcbcn - t ) fibci ) --

+Fib ( n - 2)fibci-dtfibci-Dcosf-ocfibcnhnl.co"

cost-0cal

fix - memorization
g



Dynamic programming -Examples
• Shortest Path in DAG
• Longest Increasing Sob sequence

S
,

2
,

8
,
6
,

3
,
6,9

,
7 4S length = 4 vertices

ever

• Edit Distance = fewest #edits to change
one string to another ( delete, insert, substitute)

• Spell checking
• How similar ismy DNA to your DNA
• Cheating detection

• Knapsack : given in items with weights wi, -→Wn
values Vi

,
. . .,vn , total weight limit = W

how to choose subsets of items with Max Ffs Vc
with

c. Is wit w

• All- pairs -Shortest -Paths ( better than nx Bellman
-FIN

• TSP -Traveling Salesperson problem ooo



Shortest paths in DA Gs - DP point of view

• Given GCV
,
E)
,
w (e) EZ

,

find shortest path
from SEV to V EV ( negative w (e) ok, no cycles)

• Approach
17 Define sub problems : find shortest path from
-

Sto v
' for v

' "closer to " s than v

2) Show how to solve aproblem given solutions

§I%F to Sobproblems: distal = min distant who,v)
u :(u,v)EEWFFF Base case : discs)=O

,
distcw) =D it w is

a sour c -

41 Choose order to solve sub problems
- topologically sort vertices starting at s

What if we wanted longest path ?
w- - w

,
min → max 3



Longest Increasing Subsequence ( LIS)
Given n unsorted numbers Xy . . . ,xn find LIS
-1
, 3,2 , ? 4 , 5,6The-

X D Sobproblems : f- Ci) = 4S in Xi
,
. . . , Xi

X 2) Solve using Sobproblems 5671234 oops
→→ song

1) Sobproblems : ki)- length of Hsin xi. . ,xi ,ending xi
2) Solve using subprobs

:L = maxll
, jmaxchcjltl) )
x; Lxi

h
3) Base : Lcl) =L S 6 7 1234

I 2 3 I 2 3 3+1

4) Order to solve : increasing i
--1-3274-5-6 Cost -- I

,

047=044
--2

Red edgesform DAO Xi → x; it xizx; : Longestpathin DAGH



Edit Distance

• How similar are 2 strings [Xi , - - , xD , [ya , - gym] ?
• How

many
"edits

"

needed to change x to y ?
Edit means insert

,
delete or substitute a char

.

s

:O:÷÷¥÷÷÷÷ : s¥÷÷÷÷÷÷÷÷÷
Motivation: spell-checking - suggestfixes

DNA matching
cheat detection

spam filtering
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Edit Distance ( ED) between x' ha
,
. .
. ,xIandy=Ey . . .-gym]

1) Sub problems : for all kith , Kj Em
f-Li,j)=EDCLxi , - ⇒XII , Lyn , - →Yj])

2) Look at last char in optimal alignment , could be
Xi - Xi da.jH9'off:
-

yj x ;
wise

remove Xi insert yo
' M

cost

ffi-l.g.lt/fLi.j-D+lfCi-bj-DtE9iitfY:IYgijfliig)=minCfG-hj)tl,flIj -htt,fEt,j -Dtolij))
3) Base case : f- ( i,0)=i (deletes),ffQj)- j ( insert)

4) Order : for fliij ) need ft - I,j ) ,fCo,j -D ,
f- (i - I,j -D

G



Order of Sub problems for ED
Basf g - i j m

Baseofcoiaaoii DAG for computing'Ve,j )
c- -l-
iI-fli.p-minfffi-bjlt.hn#IfCicj-i7tl,
g- S how y
o l 2 3 45

→insertYi f- ( i- I,j - 1)tdij )
Y, O cool 2 3 45

I
rowwise

,
columnwise

5 I 1%41123 4
b
u 221 1/234 cost - Och - m)

delete n 3 3 2 23 4
n 4432234 Memory Cmhfmn %77.in?;)Y 5,5

, 4,3 ,
3. 3,3 ,

i 9 Implicitly shortest
ED path in DAG with edgeweight

→ de Iii 7



What about 0cm -n) cost if m
,
n -0404 ?

Why ? sequencing DNA
any 2 people have 99.9% same DNA

⇒ ED = 01.001 - 107=10406)

it ÷÷÷÷÷÷÷÷÷
.

Smith -Waterman
Needleman - Wunsch

Meta Hip Mer
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knapsack Problem

• Suppose you are

robbing a jewelry store deciding how
to invest

You have

knapsack can carry $W to investw lbs

You have to choose among
n jewels, valves v, - - v.

n investments

weights wi
,

a.ua likely payoffs Vi , . .vn
costs

which should you pick? wi - i. wn

SEE 1,2, . -
n }

to maximize ffgvi subject to .€swiEWq



Does a greedy algorithm work ?

W -

-20 well v.HS
wz
'

- 10 vz=8

W3=10 us =
8 ) Wawa-20✓ 2+03=16

Greed : choose i to maximizer; → v.=l5
"

" '' "

V→ vets
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knapsack by Dynamic Programming
1) Sub problems : f- Cio) -- max value packing

subset of l
,
- - ,
i may weight u EW

2) Solve f- (i,u)= if wi > u . . - wi too heavy
f- lit,u )

else
. . .
could pack wi

maxffli -fu), vitfc- I,u -wi))
don'tpackwi pack wi

3) Base Case : f- (0,4=0
, flip) -O

4) Order : for Elton
for u 't tow

f- Co,4= .
. . Steph

, ,



Cost of knapsack

f- or i --Otoh
, flip)=0 ; for 0=0 tow, f- ( O , u)=O

for c- =L to n

for u
= I tow

if wi > U

G §e↳et↳d=fCi - fo)f- ( i,u)=max( f- ( i - I
,u) , flinty - we)tvi )end if

cost -Och - W) : Polynomial Time ?
In " size of input

"
v.

. .
.
.vn
,
w

, .
- iron

,

W

size of input Ocnllogzmiaxvitlogzw ))
n

- W can be exponentially larger
knapsack is NP - complete chap 8 12


